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Let x(G(n,p)) denote the chromatic number of the random graph G(n,p). We prove that there
exists a constant dg such that for np(n) > dg, p(n) — 0, the probability that

np (1+loglognp—1) < x(G(n,p)) < np (1+3010glognp>

2log np log np 2lognp lognp

tends to 1 as n — oo.

Let G(n,p) be a random graph with vertex set [n] = {1,2,...,n} in which each
possible edge is present independently with the probability p = p(n). We say that
G(n,p) has some property a.s. if the probability that it has this property tends
to 1 as n — oo. In this paper we shall consider the asymptotical behaviour of the
chromatic number of G(n, p).

The question about the value of x(G(n,p)) has remained open for over decade
until Bollob4s in [1] determined x(G(n,p)) for p(n) which either is a constant or
tends to 0 slowly enough i.e. for p(n) > n~1/3+¢ where ¢ > 0. Matula and Kugera
gave in [4] an alternative proof for the case when p is a constant. We shall solve
this problem for every function p(n) — 0 such that np(n) is greater than some large
constant. Our main result is the following.

Theorem. There exists a constant dy such that if d = d(n) = np(n) > dy and
p(n) — 0 then a.s.

d ( loglogd — 1 d ] 30loglogd
2logd logd 2logd logd '
The lower bound is an immediate consequence of the fact that if € > 0, then

there exists d, such that for d(n) = np(n) > d, the independence number a(G(n, p))
of G(n,p) is a.8. less than

) < x(G(n,p)) <

(1) a(G(n,p)) < —2(—;3 (logd —loglogd +1 —log2 +¢) .

(This result follows easily from computing the first moment of an appropriate vari-
able.) Thus it is enough to show the second inequality.
Since as we mentioned above the case p(n) > n~1/3+¢ is studied in [1], we shall

show our Theorem only for p(n) < log™7n. The method we use works for all p(n)
but this technical assumption will simplify calculations significantly.
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2

Lemma 1. Let ¢ > 0 and ky = |(2n/d) - (logd — loglogd + 1 —log?2 — ¢)|. There
exists a constant d such that whenever nlog™" n > np(n) = d(n) > de then, with
the probability at least 1 — n=2, G(n,p) contains a subset with at least nlog™°d
vertices which can be properly coloured using nlog‘5 d/kg colours.

Proof. Let z = log*%d and ¥ = ¥(n,p,z) denote the partition of [n] onto sets
Vi,..s V), such that z —1< [Vil<z+1fori=1,...,n/2. We shall call a subset
S of G(n,p) V-disjoint if no two elements of S are contained in the same set of
partition V.

Define ¥; as a graph such that subgraphs induced by Ui:l Vr ing; and G(n,p)

are the same and all edges of ¢; which are not contained in (J._; V; are present
in this graph independently with the probability p. Let X denote the size of the
largest V-disjoint subset contained in G(n,p) which can be properly coloured using

nlog_5 d/kq colours, and for i = 1,2,..., z, let X; be the expectation of the size of
the largest nlog™ d/kg colourable, ¥-disjoint subset in ¢; . Then X = X, /2 and
setting Xg = E X we have

1X; — X1 <1 for i=1,...,n/z.

Furthermore the sequence Xo, ..., X, /2 is a martingale known as Doob’s Martingale

Process (see [5]). Hence, from a martingale inequality of Azuma (see [1] or [5]), we
get

' 2
Prob{|X —EX| >t} <2exp (——%) ,

S0

n n
Prob{|X —EX| > <2exp[-——" ) .
0 {' | “1og6-1d}' p( 2log7~3d>

Thus, to prove Lemma 1, it is enough to show that the probability that G(n,p)
contains a nlog™d/ky colourable, V-disjoint subset with more than n(log ™ d+
log~61 d) elements is greater than exp(—nlog™ "5 d) (this observation was first made
by Frieze in [2]).

Let Y be the number of nlog™® d/kg colourable, V-disjoint subsets of mkq
elements, where m = [n (log"5 d +log™6! d) /ko], which can be split into exactly
m independent sets, each of kg elements. Then

(EY)?

>
P(Y >0) 2 =03
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and
k ki ~(i—1
e o ) @O
(EY)? 3 (5
=1 ky,kg,..kpmy1 n/z _ (2 _ l)ko k gl(z)
el (O FLTET
- k _ k — m
. ial(n/z"z 0) zho~1
= —mk,
leo (n/zkom 0) 2k
< Z aj . k().
- prd (n — (kg + 1)mz)! (ko —1)! ’
where
&
ko\ (ko ko T2
we X () (P)uen BT
23—1 k' l
Let &, ktz’ ..., ki, be those from ki, kg, ..., kyn which are greater than
2nloglogd/d. Since Z —1kj =1< ko < 2nlog d/d so r < logd. Thus the number
of terms with different sequences k;, kig, - - .y ki, is less than
) (mko)logd < nlogd

Moreover, for every k’, k” such that &' > k" > 2nloglogd/d and k' + k" <1 < ko,
we have

(kO) k")(l_ )”(‘5’)—(%’,)
(o) -5

Indeed, when 2nloglogd/d < k' + k" < 0.7Tkq then

<l1.

(29)(’,:2)(1_1,)—(’;')-(";’)_ (ko)gn (K + K" Y
(o a-nCF) <ko—k'>k~< B )GXN PKK)

1 14
ko — k' e(k' +K") A\ 20 \*
< - < [ 2
= (ko—k’—k” g oelpk) )< (logd) <h
whereas for k' + k" > 0.7kg, k' > k" > 2nloglogd/d we have

(lli:(’)) (:2)(1 - p)—(’%')_(;;n)
(k’iok”)(l - p)—(k’;kﬂ)

< 2kogko exp(~-pk'k") < 1.
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Hence
koA ko ko -2 (9 ko 12d
—p) =1 < — ).
@ (o)) ()on 2= (D)o (G)
Furthermore, for every choice of ky,ks,...,ks, one can easily get the following
inequality
s I
- 3
ko /Ko ko) X3 sk fld
4 M=} . {=11-p = < .
@ -Z- (kl)(k2> (ks( ?) =\ 1 )%\
kl,k2,..—.,k3
E;=ij=l
2=/

Thus, from (2), (3) and (4) we obtain

o< (mlko) og? d + nlogd

(k.o ) exp (%ﬁ) (;nko) log2(‘!—') d.
i=2nloglogd/d ¢ n -t
For 2nloglogd/d < i <1, set

k 2d\ (mk - |
b = ( z'0> exp (%) (l _3,) log2(-9 4,

Then
b,’+1,1=k0—iex (2i+1)d) -1 1
by i+1 P\ 2n Jmkp—1+i+1logld
(141 ko — i @i+1)d\ 1
() _(i+1 l)mko—l+i+leXP< n ) ogd

Since the second factor of (5) is less than 2log®d/d so there exists i;, such
that b, 1/b;; < 1 for ip = 2nloglogd/d < i < 4;. Then, if [ is large enough, the
exponential factor becomes large, and for some i3 bi+1,/biy > 1 whenever iy < ¢ < 4.
Finally the first factor and the numerator of the second one make b;,) 1/b;; less
than 1 for ig < i < I. Hence, b;; is maximised either when i = i or, provided i<l
for ¢ = 3. oo

An ‘121pper bound for biy, is given by

k i2d mkg i
- () () (5

{
2
< ((m-i-ll)ko) log? d < (3mk?llog d) '
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Let I = (a+o0(1))kg for some constant 0 < a < 0.9. Thus, for i’ = 0.991, the first
factor in (5) tends to a constant, the second is equal O(1)log® d/d, whereas from the
exponential one we get d1-98+(1)  Hence biy1,/biy < 1 for a < 1/1.98 and i < 7/,
whereas, when a > 1/1.98, we have by /by, > 1. Setting i’ = 0.995/ one can

check in the same way that also for a = 1/1.98 b;; is maximised for either 7 = iy or
12 > 0.991. Moreover for I < 0.9kg we have

2 0.01
max{b;; : 0.99 <i <1} < (2';0) exp (%S) (lo_oilfﬁ’@) log d

2ekg 1d\ (n\001 5 \!
< 2= — b
—( I exP(2n>(1) log d)
92\ ¢

If | > 0.9k then iy > i = | — ld~03. Indeed, the first factor of bin 1 1/bin

is bounded above by d~03, the second one is larger than d~1-3 and the exponential
factor gives us at least d' 8 Thus biny1/byn; > 1 and so i3 > ¢". Furthermore the
following inequality holds

—-0.3
03 _ . ko 12d\ [ emkg \ " 0.3
ma.x{b,"l l-1d 0.3 S 1 < l} S (l _ ld_0‘3) €xXp (—2-;) (z-dTﬁ IOgmd d

ko Pd\ skga=03
< —_ 0 .
<(20)oe (7)
Hence
l
% o 0! EO ( ) 3mkglog?d
2 (= (ko + ma)} BT 7T
0.9k
+ ng logd z (2/00 ) (6k0‘j 0.92 >
=0

0.1kg

; 2 . -2
2logd j3kod 03 ko! o’ (ko) kgd ( (2iko+j )d)
*n z (n—(k0+1)mz)’°0 T\ )\ )P 2n
cimk2 log d) ,  2u 2%
- Z Z ( 1d!- 05)

kg 0-1ko j
3logd 3’0(](1—0'3 k() M k()n
+no 00 (“——‘_en(l T log 0% ) P\ 2n jg() 418
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All terms of the first sum are less than exp (Gmkg log2 df n) , for d is large enough,

the second sum is bounded above by exp(nd~—194), whereas for the last term we have

ko kod 2(logd — loglogd + 1) ede™®
1005 Pl 5 ) < 1005 1, 3lond
en(l — log d) n en(l - log d) og

and

0.1kg ;
-0.3 k J
adlogd Bhod 0% <.23;1'8) < exp(3kod 0% + nd~13) < exp(nd1?)
=0 M

Thus

ko a ko!
Z (n — (ko + D)mz)! (ko — I)!

=0
6mk? log® d
< nPlo8d exp (____Onog ) + n?logd exp (nd‘l'o“) + exp (nd‘l’z)

2 1nol
< exp (7mk0 log d) '

n

and, finally, we arrive at

2 21002 -m
Prob(Y > 0) > BY > [exp (mlo—g—d)]

(EY)? n
2, (kom\? -75
>exp| —Tnlog“d - > exp(—nlog™'7d) .

This completes the proof of Lemma 1. ]

Lemma 2. There is a constant dy such that for d = d(n) = np(n), where nlog"7 n>
d > dg, with the probability greater than 1—o(1)—log™! d, more than n—2n log"3 d
vertices of G(n,p) can be properly coloured with less than ngg-d (1 + E‘%&g%’&i)
colours.

Proof. In the proof we shall use an “expose-and-merge” technique introduced by
David Matula (for details see [3] and [4]).

For A C [n] define [4]? = {{v,w} : v,w € A} and let
ko = -2En(logd— 29loglogd + 0.1), Iy = n/(kglog33 d).

Consider the following algorithm:
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Algorithm

E:=0;

Fy:=0;

Wy:=0;

for i=1 to log®3d—10g3d do

begin
choose randomly A; C [n] \ W;_1 with |4;] = nlog™28d;

define §; as the graph with the set of vertices A; and the set of edges E;,
where the probability that {v,w} € E; is independent and equal p for each

{v,w} € [Ai]%;

choose a family {.% ‘1,57{’2, .o ,.;C fo} of disjoint independent sets from A;, such
that 250:__0 |% i = nlog = d - if it is not possible FAIL ;

E :=E;\(E;NF,_1);

E:=FEUE};

Fi:= F 1 U[A4)%;
lo ~ .

Wi=W,_1UU %};
=1

end

log33 d~1og®® d
=nE\UZ T F;

choose E ¢ F in such a way that each e € F belong to E with the probability p
independently of each other ;

E:=EUE;

~ . o~ 33 , 1 30
output E;{x%,ﬁ%, Rlog d-log d};
end

Let us observe first that the probabxhty that {v,w} € E is equal p independently
for each {v,w} € [n]?, so the graph & with the set of vertices [n] and the set of edges
E may be treated as G(n, p).

Obviously, we may consider each ¥¢; as G(R,p), where 1 = nlog"28 d. The
average degree of such a random graph is given by d = pnlog_28 d= dlog"28 d and

ko = 2g(logaf— 29loglogd 4 0.1) < gg(loga— loglogd + 0.2) .

Thus, from Lemma 1, the probability that ¢; contains no subsets with nlog=33d <
nilog™ —5 elements which can be properly coloured using milog™ 54 d/kg colours is less
than n=2, so the probability of FAIL in the Algorithm is less than n~!.

Thus, with the probability at least 1 — o(1), the Algorithm finds

-3
33 30 n-—nlog™d d 291oglogd
-1 d =
(log™d ~ log™ d)lo = ——2=— < 7364 (1 logd
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- -~ 1og33 d-—log30 d

disjoint sets % %,5\’, %, LR o such that

S Y&l = (10g%d~10g® d)nlog ™3} d = n—nlogd.
i 1

Note however, that although % ; is an independent subset of ¥; it is not necessarily

independent as a subset of ; Let X denote the number of edges of ; contained in
R } for some 1 <3 < log33 d— log?’0 d, 1 <1< ly. We shall estimate from above the
size of X. o

Let {v,w} € [n]% be such that {v,w} € E and {v,w} € & ! for some i, I. Denote
by i(v,w) the smallest number i for which {v,w} C A; and let j(v,w), ! (v,w)
be such that {v,w} C %) Notice that i(v,w) < j(v,w) since {v,w} € E

1 (v,w)
implies that {v,w} is an edge of ;(, ,,) whereas the set ® { EZZ; contains no edges

Of ¥;(y,4,)- Since for all ¢ we have [W;| < n - nlog=3d, so the probability that for

chosen i(v, w), j(v,w), a pair {v,w} is contained in both A;., .,y and A;(, ) is less

4
than (2 log"25 d) . Now observe that for any [, where 1 < [ < [, each subset of

Aj(uw) of |.% { (U’w)l elements is equally likely to be chosen as ) f(v’w) (i.e. this
event depends only on the structure of $j(v,w) which is symmetric with respect to
the labelling of vertices). Moreover, due to (1), we may assume that for all 4, {, we
have I% ﬂ < 2nlogd/d. Thus, since [4;(, )| = nlog=?8 d, the probability that both

v, w are in the same set R m’z;

So finally we arrive at the following upper bound for the expectation of X

33 5 30
.EX< (’2‘) (log d , log d) -1610g7100d . p . 210g2 d/d < 8nlog™5d .

for some I (v, w) is less than 2log?? d/d.

-

Thus, from Markov’s inequality,
Prob(X > 0.5nlog 3 d) < log~1d.

Now, for all 7, I, delete from ;C ; all these vertices which belongs to edges of :Z
which are contained in .7~\’, } and denote the set obtained in this way by .%%. Then
Zlﬂﬂ ZEI.’;\’,2|—2X =n-nlog3d-2X
il il
80
Prob (E lﬂﬂ >n-2nlog™3 d) >1—o0(1)-log~'d
il

and the assertion follows. ]
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Proof of Theorem. Lemma 2 implies that with the probability at least 1—o(1)}-log ™' d
-3 . . d ~ 29]oglogd
we can colour n — 2nlog™" d vertices of G(n,p) using only g5 (1 + —155@‘&—)

colours. One can easily check that for d large enough a.s. every subgraph of G(n, p)

on s vertices, where s < 2n log_3 d, has less than sd log_z'5 d edges. Hence, for large
d, we have

)) >1-o0(1)—log71d,

(6) Prob (x(G(n,p))s d ( 20.5loglogd

2logd logd

and for d(n) — oo, the assertion follows.
Moreover, Shamir and Spencer proved in [5] that for every d(n) < logn there
exists a function ug(n) such that a.s.

ug(n) < x(G(n,p)) < ug(n) +4.

Thus, since from (6) for d(n) greater than some constant dy we have

. d 29.5loglogd
1 b < 1 .
}lr_x_l*géfPro (x(G(n,p)) S Slogd < + Tog d )) > 0.5

so, for such d(n), a.s.

d 29.5loglogd d 30loglogd
< 1 < 1 .
x(G(n,p)) < 2logd ( logd ) °% 2logd ( logd
This completes the proof of Theorem. (]
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